Abstract. In this paper, we define and study the C-integral of functions mapping an interval [a,b] into a Banach space X and discuss the relations among Henstock integral, C-integral and McShane integral. We also study the Denjoy extension of the C-integral.
Introduction
In 1986 A. M. Bruckner, R. J. Fleissner and J. Fordan [3] researched the following function (1.1)
It is a primitive for the Riemann improper integral and therefore for the Henstock integral (restricted Denjoy integral and Perron integral), but it is neither a Lebesgue primitive, neither a differentiable function, nor a sum of Lebesgue primitive and a differentiable function. It is natural to ask whether there is a minimal integral includes the Lebesgue integral and the derivative. In 1996 B. Bongiorno provided a new solution to the problem of recovering a function from its derivative by integration by introducing a constructive minimal integration process of Riemann type, called C-integral, which includes the Lebesgue integral and also integrates the derivatives of differentiable function. B. Bongiorno and L. Di Piazza [1, 2, 12] discussed some properties of the C-integral of real-valued functions.
In this paper, we define and study the C-integral of functions mapping an interval [a,b] into a Banach space X, we also discuss the relations among Henstock integral, C-integral and McShane integral. Finally, we study the Denjoy extension of the C-integral. 
Definitions and basic properties
(4) δ -fine C-partition of I 0 if it is a δ -fine McShane partition of I 0 and satisfying the condition
we write
A is called the C-integral of f on I 0 , and we write
The function f is C-integrable on the set E ⊂ I 0 if the function f χ E is C-integrable on I 0 . We write E f = I 0 f χ E .
We can easily get the following two theorems. 
Theorem 2.2. A function f : I 0 →X is C-integrable if and only if for each
is an arbitrary δ -fine partial C-partition of I 0 , we have
is an arbitrary δ -fine partial C-partition of I 0 , then the complement I 0 \ m i=1 I i can be expressed as a fine collection of closed subintervals and we denote 
Consequently, we obtain
Since η > 0 is arbitrary, we have
Proof. Assume E = {ξ ∈ I 0 : f (ξ) = θ} and E = E n ⊂ I 0 where E n = {ξ ∈ I 0 : n − 1 ≤ f (ξ) < n}. Obviously, µ(E) = 0 and therefore µ(E n ) = 0, then there are open sets G n ⊂ I 0 such that E n ⊂ G n and µ(G n ) < n·2 n . We define a positive function δ(ξ) :
Hence f is C-integrable on I 0 and I0 f = θ.
Definition 2.8. Let {f k } be a sequence of integrable function defined on I 0 and X valued. The sequence {f k } is said C-equi-integrable on I 0 if {f k } is C-integrable and for each ε > 0 there is a positive function δ(ξ) :
Then the function f : I 0 →X is C-integrable on I 0 and we have
for all k, l > N . Hence the sequence I 0 f k of elements of X is Cauchy and therefore
Then we have
Hence f is C-integrable on I 0 and lim
Therefore f is C-integrable on I 0 .
We denote f (ξ) = F (ξ) the derivative of F at ξ.
Proof. By the definition of derivative, for each ξ ∈ I 0 there is a positive function δ(ξ) :
is an arbitrary δ -fine C-partition of I 0 , we have
Hence f : I 0 → X is C-integrable on I 0 . (c) F is said to be * ACG c if F is continuous on E and E can be expressed as a countable union of sets on each of which F is * AC c . (d) F is said to be ACG c on E if F is continuous on E and E can be expressed as a countable union of sets on each of which F is AC c . Theorem 2.14. If a function f : I 0 → X is C-integrable on I 0 with the primitive F :
Proof. By the definition of C-integral and the Saks-Henstock Lemma, for each ε > 0, there is a positive function δ(ξ) :
Assume that the endpoints of I i belonging to E n and satisfying i |I i | < n . We have
Therefore F is * AC c on E n and consequently F is * ACG c on I 0 . Remark. The following two examples (when X = R) show that the converse of Theorem 3.3 is not true. In other words, there exists a function which is Cintegrable but is not McShane integrable, there is a function which is Henstock integrable but is not C-integrable.
The Relations among Henstock, McShane and C-integrals
Example. (a) Assume a real-valued function f by
It is easy to know the primitive of f is
We have that F (x) is differentiable and Proof. If f is C-integrable on I 0 then f is McShane integrable on I 0 , the proof is similar to that of a non-negative real-valued Henstock integrable function is McShane integrable and we omit it. So we have
for each measurable set E ⊂ I 0 and for each x * ∈ X * . So f is Dunford integrable on E with its integral (D) E f . f is McShane integrable on I 0 , then for each ε > 0 there exists a content η > 0, if |E| < η, we have
We also have (D) I i f ∈ X for arbitrary subinterval I i ⊂ I 0 , then f is Pettis integrable on I 0 . From Theorem 3.4 we have that f is McShane integrable on I 0 .
Denjoy-C integral
Definition 4.1. Let a function f : I 0 → X and t ∈ I 0 . A vector z ∈ X is the approximate derivative of F at t if there exists a measurable E ⊂ I 0 that has t as a point of density such that
we write F ap (t) = z and say that F is approximate differentiable at the point t. From [8] we also have the following corollary. 
